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A unified description for the Bose and Fermi gases trapped in an external generic power law potential U = 
presented using the grandpotential of the system in d dimensional space. The thermodynamic quan¬ 
tities of the quantum gases are derived from the grand potential. An equivalence between the trapped Bose and 
Fermi gases is constructed in one dimension (d = 1) using the Landen relation. It is also found that the established 
equivalence between the ideal free Bose and Fermi gases in d = 2 (M. H. Lee, Phys. Rev. E 55, 1518 (1997)) is lost 
when external potential is applied. 


1 Introduction 

C3 

S The two types of quantum gases manifest different thermodynamic behaviour due to inherent difference of their statistical 
distribution[TJ|2]. Fermi gas, which obeys Pauli exclusion principle exhibit distinct characteristic such as zero point energy 
and pressure [U |2] whether Bose gas condensates[Tl [2], not obeying this principle. The thermodynamic properties of the 
O Bose and Fermi gases are determined by Bose and Fermi function[TJ[5] which have different mathematical structures. But 
, ^ , an unified formulation for quantum gases was presented recently and Lee[31 13 ISl established a remarkable equivalence 
between ideal free Bose and Fermi gases in d = 2. The equivalence is based on a certain invariance of the poly logarithms 
under Euler transformationof the fugacities. After the inspiring work of May[S] considerable attactions are drawn to 
^ study further the equivalence between quantum gases. Point to note, plenty of study are made to investigate the thermo- 
dynamic properties of quantum gases under trapping potential P [TOl HH [12 after it was possible to create Bose-Einstein 
condensate in magnetically trapped Alkali gases [T^imiTS] . It was demonstrated in recent papers that, trapping potential 
can change the characteristics of quantum gases. For instance, although there is no Bose condensation for ideal Bose gas 
in d < 3,12 [Ml it was found that in presence of trapping potential, Bose condensate can form in d < 3[H1IM]. So, it will 
be intruiging to check the status of this equivalence found by Lee[l] in case of trapped system. 

o 


l/D A lot of efforts are made to understand dimensional dependence of different properties of quantum gases such as 
condensation [T7] . [T5] . conductivity [M] . transport properties [ID]; degeneracv|21]. polylogarithmisjB], a-deforemed svetm^Sl 
^[M]- Ib this report, at first the grand potential for quantum gases under generic power law potential is determined in d 
dimensional space. The thermodynamic quantities are then derived from the grand potential. From the general expres- 
sions of the calculated thermodynamic quantities we have investigated closely the case with d = 1 and ni = 2 (harmonic 
potential) and found an equivalence can be obtained between the thermodynamic quantities of Bose and Fermi gases. It is 
also seen, the established equivalence for ideal free quantum gases in d = 2 disappears when a external potential is applied. 


The report is organized in the following way. The grand potential of quantum gases under generic power law poten¬ 
tial is calculated in section 2. In section 3 we have presented the thermodynamic quatities in an unified way for both 
types of quantum gases. The useful landen relations are explored in section 4. And section 5 is devoted to explore the 
equivalence in d = 1 with harmonically trapped quantum gases. A discussion on the equivalence of free and trapped 
quantum gases is presented in section 6. The report is concluded in section 7. 
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2 Grand potential 

Considering an ideal quantum system trapped in a generic power law potential in d dimensional space with a single 
particle Hamiltonian, 


€{p,Xi) = bp'' — (1) 

i—l 

Where, &, Z, ai, ci, rii are all postive constants, p is the momentum and Xi is the i th component of coordinate of a particle. 
Here, Ci, Ui, rii determines the depth and confinement power of the potential and I being the kinematic parameter. Now, 
the well known formula of density of states lilis]. 


So, from the above equation density of states isf^ llB]. 


p(e) = B 


where, 




r(x) 




(3) 


(4) 


i=l C„- 


d ^ 

Here, Cd = Y{d/ 2 +i) > 112=1 Qi is the volume of an d-dimensional rectangular whose i-th side has length 2ai. 

T{1) = dxx'~^e~^ is the gamma function and X = f -I- X]f=i 


The grand potential of quantum gases can be written as [I], 

q = — ln{l + azexp{—fde)) 


(5) 


13=-^, where k being the Boltzmann Constant and 2 = exp(/3/r) is the fugacity, where p being the chemical potential, 
a is equal to -1 for Fermi system and -1-1 for Bose system. In experiments with trapped gases, thermal energies far exceed 
the level spacing [Tl]. So, using the Thomas-Fermi semiclassical approximation^?] and re-writing the previous equation, 


q = qo + - 
a . 


ln(l -I- az exp{—Pe))p{e)de 


Here, 9o = ^ ln(l -|- az). Now finally the grand potential stands as, 


q = 


_/ qo + BT{j + l){kT)^f^.^.i{z) ,Fermi system 


<70 + + l){kT)^g^^i{z) , Bose system 


Here, gi{z) and fi{z) are Bose and Fermi function respectively. Defined as 


9i{^) = f 

Jo 

r 

fl{z) = / 


. 1-1 


OO / 
— 


-3t = E^ 


J-1 


OO 


z + 1 


= E<-')'7r 


1=1 


Now, Bose and Fermi functions can be written in terms of Polylogarithmic functions, 

Liqit) = gq{t) 

Liq{-t) = -fq{t) 


( 6 ) 

(7) 

( 8 ) 

(9) 


( 10 ) 

( 11 ) 
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where, Liq{m) is the polylog of q and m. If 9 > 1, Liq(m) is analytic everywhere. It is a real valued function if m G R 
and —00 < m < I. A useful integral representation of polylog is 


Liq{m) = 


m 


r] 1 — ?? 


for Re{m) < 1. To write the grand potential compactly, defining a quantity a as. 


—z , Fermi system 
z , Bose system 


( 12 ) 


(13) 


So, re writing the grand potential, 

q = qo + sgn{a)BT{j + l){kT)^Li^+i{a) 


(14) 


3 Statistical thermodynamics of trapped quantum gases 


The number of particles N can be obtained. 


Where and A' are defined as m 




N - No = Ne = sgn{a)^Li^{a) 


P = ^ = sgn{a)^Li^{a) 




hT 1 

)'^”'r(- + i) 

Ui 

1=1 

, ^ hb~ d /2 + 1 
TT^ {kT)T d/l + 1 


It is noteworthy, 


lim Vh = Vd 

rii—>-oo 


lim Y 

rii—^oo 


d 

1 


lim A' = A = 

i—> 2 ,b—s-^ 


h 

{2'!TmkTy/^ 


(15) 

(16) 


(17) 

(18) 

(19) 

( 20 ) 
( 21 ) 


Now, the other thermodynamic quantities in case of trapped system can be calculated from grand potential as below, 


op 

s = - Nk\nz + kq = Nk{x + l) “ 

/3 yj Li^{a) 

yd[gp,)N.T 


In 


O' 


Lixi^) , 


( 22 ) 

(23) 

(24) 

(25) 

(26) 
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The above expressions compactly represent the thermodynamic quantities related to trapped Bose[Tni [3] and Fermi 
gas[551[in] In case of free system (all ni —>• oo) the above quantities reduce to, 


p = sgn{a)j^Lid{a) 


U = NkT 


I Lid(a) 


T ' 

Lie 


1 1-] \U 


P = NkT 


1 Lidj^-^ 


T 

(<^) 


Vd Lid {a) 


- log |cr| 


(j rj Lid.^ia) (j Lidia) 
Cy = NkC{^ + l) 




Lid{a) Lid_-j^{a) 


Kt = 


Vd Lid_^{a) 

NkT Lid (a) 


(27) 

(28) 

(29) 

(30) 

(31) 

(32) 


So, choosing 1 = 2 in case of non-relativistic quantum gas, the Eq. (27)-(32) reduces to those in Ref.[5] for arbitrary 
dimension. And with d = 3, they reproduce the thermodynamic quantities for free Bose and Fermi gas[Tl[2]. 


4 Landen Relation 


The unified formulation shows that the thermodynamic quantities are described by the structural properties of polylogs. 
Landen[7] found relation between monolog and dilog, which is the key to make the equivalence between ideal free quantum 
gases|5 as well as trapped gases. If xi is a real number and Xi < 1 and there exist a variable X 2 , such that. 


X2 = - 


Xl 

1 — Xi 


(33) 


then one finds. 


Lio{xi) 

Lii{xi) 

Li2{xi) 


Lio{x2) 

Lio{x2) + 1 
-Lii{x2) 

-Li2{x2) - ]^[Li{x2)f' 


(34) 

(35) 

(36) 


The proof of the above relations are included in Appendix of Ref. [3]. These relations indicate Euler transformationj^ 
of Xl to X2- 


5 Application in ti = 1 for trapped gas 

Note, in both case of free and trapped system the thermodynamic quantities are described by polylogs Lim{z). Now the 
polylogs are related to each other by landen relations, and the respective variables are related to each other by Euler 
transformation. In free system the polylogs describing the thermodynamic system are functions of dimension, while in 
of trapped system the polylogs describing the thermodynamic system are function of dimension, fugacity and power 
law exponents. In trapped system the dependence of polylogs on dimension and power law exponents are described by 

Y = - + — 


As I = 2, in case of nonrelativistic massive Boson and choosing d = 1, ni = 2 (harmonic potential), 

1 1 

Y — — “t“ — — 1 
^22 


(37) 


If the densities are made the same, turning our attention towards, density p, with y = I, we get from Eq. (27) 

p\ = Lii{zB) =-Lii{-ZF) (38) 


4 










where, zb and zp denotes fugadty of Bose and Fermi gas respectively. So, according to Eq. (33) they are related to each 
other by Euler transformation. So, we can write following relation 


ZF 


ZB 

I - Zb 


(39) 


So, the fugacities are related to each other by Euler transformation, if we put zb = Xi and zp = —X 2 - Then, we can 
easily use the thermodynamic quantities to establish the equivalence. First turning our attention towards internal energy 
U{zb) with d = 1 and n = 2, 


U{zb) 


NkT 


LhjzB) 

Lii{zB) 


NkT 


Li2{xi) 

Lii{xi) 


...-Li2{x2) - \{Li{x2)f 


U{zf) + NkT^Lii{-ZF) 
U(zf) + NkTpX 


NkT[ 


Li2{x2) 

Lii{x2) 


:Lii{x2)\ 


Now point to note, p = ^ and oc VT. Also A oc So, obviously the second term is temperature independent. As it 
turns out, the second term exactly corresponds to ground state energy just in the case of ideal free quantum gases [1]. 
Hence, it can be concluded if the two reduced densities are the same, the fugacities are related by Euler transformation 
and as a result internal energies of Bose and Fermi gases only differ by the ground state energy of the Fermi gas only. 
So, denoting ground state energy by Uq, we can rewrite, 

UizB) = U{zf) - Uo (40) 


Since, pressure and energy are related by PV)( = from the help of Eq. (40), one can get 


PizB) = Pizp) - Po 

Where, Pq denotes ground state pressure of Fermi gas[T6]. Now turning our attention towards entropy. 


(41) 


S{zb) = Nk[2 


Lh^zp) _ Ar;uo-^* 2 (a::i) _ ^^,^^^Li2{x2) + \[Lii{x2)f 


Lii{zB) 


— log^zp)] = Nk\2 


Lii{xi) 


— log{xi)] = Nk\2- 


Lii{x2) 


- log{ 


-X2 


1 + X2 


)] 


Nk[2 + Lii{x 2 ) — log{—X 2 ) + log{l + X 2 ) = Nk[2 — log{—X 2 )] 


Lii{x2) 

Nk[2 ^^'^^ - log^zp)] = S{zf) 


Lii{x2) 


(42) 


Here, we have used the identity log{\ + x) = —Lii{x). Also, it is clear that entropy remain exactly same for two types 
of quantum gases in this case. Now, from the equation of specific heat, 


Cv{zb) = Nk]^ 
= Nk[2 
= Nk[2 
= Nk[2 


Li2{zB) Lii{zB). 


Liiizp) 

Lhixi) 


Lio{zB) 

Lii{xi) 


Lii{xi) Lio{xi) 


= Nk[2 


Li2{xi) Lii{xi) 


Li2{x2) + ^[Lii{x2)Y 
Lii(x2) 


Lii{xi) Lio{xi) 
Lii{x2)[l + LiQ{x2)]. 


Lio{x2) 

Li2{x2) Ui{x2), ^ 


Lii{x2) Lio{x2) 


_ Liii-zp) 

Lii{-ZF) Lioi-zp) 


] = C'vizp) 


(43) 


This type of result is previously found by May[5] for free quantum gases in two dimensional space. In case of the 
isothermal compressibilty. 


ht{zb) = 


Vd 

NkT Lii{zB) 


= (1 + zf)kt{zf) 


So, the isothermal compressibilty are not equivalent at all temperatures. If zp - 
but kt(zb) oc log^zp) • latter diverges while the former vanishes. But if zp 


(44) 

00 (i.e ZB 1 ), kt{zf) oc 
■ 0 (in the classical limit) the two of 
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course become equivalent. The same conclusion applies to the number fluctuation. 

Finally, the reasons behind this remarkable equivalence can be found from the grand potential Q. Rewriting Q, 
\ogQ{zB) = ^Li2{xB) = ^Li2{xi) = ^{-Li2{x2)-^[Lii{x2)f) 

= \0gQ{zF)-^p^\^ (45) 

With careful inspection it can be seen from Eq. (16) - (18), the second term ib Eq. (45) is linear in (3. So, the grand 
partition function of the two systems are related to each other by a term linear in (3. As all the thermodynamic quantities 
are basically dervied from grand potential, thus we are able to make such connection for all the thermodynamic quantities. 
So, when we take first derivative of grand potential with respect to /3, the obtained thermodynamic quantity internal 
energy of Bose and Fermi system only differ by a constant {i.e. the ground state energy) which is independent of j3. And 
when we take the second derivative of grand potential with respect to (3, the derived thermodynamic quantity specific 
heat are equal to each other. 


6 Discussion 

In this paper, we have seen once again if the fugacities of Bose and Fermi gas are related by Euler transformation 
an equivalence relation can be establised between the two types of quantum gases. One can check the status of the 
equivalence relation in d = 2 [4] for trapped quantum gases. Now re-writing the equation of reduced density (Eq. 27) 
with I = 2, 


pX — (-^b) — —(— zp'j 

Now, choosing d = 2, the above expression reduces to. 


pX^ = Li 


1 + Ei = l,2 


(zb) = -Li 1 {-zf) 

1+Z.i=l,2 75:7 


(46) 


From Eq. (35) one can see the Euler transformation type relation between fugacities are possible only for monologs. 
So, as it stands from the above equation the Euler transformation type relation between fugacities are possible if and 
only if 2 ^ — Now as, ni,n 2 > 0 this criterion is possible if and only if ni —^ 00 and n 2 —> 00 , which is 

basically the condition for free system [amiiniisH]. So, the equivalence relation between the quantum gases is possible 
in two dimensional space only for the free system. This phenomenon is due to the fact, that trapped Bose gas actually 
condensates in d = 2 with any trapping potential or in more general, BEC is possible if and only if % > 10II1II1]. So, 
the equivalence relation between the Bose and Fermi gases are possible where BEC could not take place. Now in case of 
d = 1, Eq. (46) becomes, 

pX = Li (zb) = -Li {-zf) (47) 

Again Eq. (35) suggests Euler transformation type relation between fugacities are possible in d = 1 if and only if quantum 
gases are trapped in harmonic potential (ni = 2). 


7 Conclusion 

From the unified statistical thermodynamics of quantum gases trapped under generic power law potential in d dimension, 
a case is shown with d = 1 where, Bose and Fermi gases can be treated as equivalent. This is possible only when the 
quantum gas is trapped in harmonic potential. It will be interesting to check the effect of interaction on this equivalence 
as well as to do the whole calculation with relativistic hamiltonian. 
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